
Heating of Finite Slabs Subjected to Laser Pulse Irradiation
and Convective Cooling

T. K. Cheung,∗ B. A. Blake,† and T. T. Lam‡

The Aerospace Corporation, Los Angeles, California 90009-2957

DOI: 10.2514/1.23100

An analytical solution was obtained for one-dimensional heat conduction within a finite region that was subjected

to a realistic laser pulse profile. The results provide an improved model of laser heating at a surface by combining a

spatially and temporally decaying laser pulse with a finite slab. Analyses were performed to define high-energy laser

effects on solids. A variety of convective boundary conditions were applied to the solution. Variation in thermal

response of the solids was established for a number of slab thicknesses and external cooling characteristics due to

airflow over the heated surface. It was found that both surface convection and material properties affect the peak

temperature locationwithin the slab over time. In addition, the change in depth of the peak temperature increases for

greater surface cooling.

Nomenclature

A = function, Eq. (5b)
cp = specific heat, J=kg � K
F = initial temperature, K
�F = function, Eq. (5c)
_g000 = energy generation rate per unit volume,

W=m3

_g�t� = laser source temporally decaying
portion, Eq. (2e)

_g�x� = laser source spatially decaying portion,
Eq. (2d)

�g��m; t0� = function, Eq. (5d)
H = ratio of convection heat transfer

coefficient to thermal conductivity, h=k
h = convective heat transfer coefficient,

W=m2 � K
Io = laser peak power density, W=m2

k = thermal conductivity, W=m � K
L = thickness of the slab, m
N = normalization integral
n = real part of the refractive index
R = surface reflectivity
T = temperature, K
T1 = external environment temperature, K
T0 = initial temperature, K
t = time, ns
X = eigenfunction
x = x coordinate
� = thermal diffusivity, m2=s
� = eigenvalue

� = laser pulse fall-time parameter, s�1

" = emissivity
� = laser pulse rise-time parameter, s�1

� = imaginary part of the refractive index
� = wavelength, nm
� = absorption coefficient, m�1

� = density, kg=m3

Subscripts

m = index
1 = incident surface, surface 1
2 = nonincident surface, surface 2

Dimensionless Parameters

Bi = Biot number, h=�k
T� = temperature, �T � T0�=�I0�1 � R�=�k�
T�max = maximum temperature within the slab
x� = distance, �x
x�Tmax

= value of x� at maximum temperature
	 = time, t��2

I. Introduction

T HE effects of laser heating in solids are of interest in a variety of
engineering applications, such as laser processing of materials

[1] (including semiconductors [2]), phase change processes [3],
material removal [4], and high-power laser impingement on a blunt
enclosure in a high-speed flow [5]. In all applications, accurately
controlling the temperature profile within the material as a function
of time is desired. Predicting the response of an affected surface
requires realistic characterization of not only the heat transfer within
the medium, but also of the laser pulse itself [6].

Models exist that simulate laser heating of a semi-infinite medium
with a variety of heating profiles and cooling effects. Ready [7]
studied the effects of high-power laser incidence on absorbing
opaque surfaces. The study determined the temperature rise with no
phase change and also investigated the vaporization process induced
by a shorter, higher-power laser pulse. Dabby and Paek [8]
analytically investigated the material removal process from the front
surface of a solid heated by a high-intensity laser. The study revealed
that for certain laser andmaterial parameters subsurface temperatures
exceeded the surface temperature. As a result, rapid and efficient
explosive material removal process could occur. Blackwell [9]
modeled the effect of continuous laser heating of a semi-infinite slab
with convection on the surface of incidence. This analysis
demonstrated that intense laser heating of a surface could result in
catastrophic failure without melting or burning through the surface.
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The studywent further to explain the so-called “explosive removal of
material” phenomenon suggested by Dabby and Paek [8]. The event
could take place because a maximum temperature is present beneath
the surface that is subjected to simultaneous heating and cooling.
After a sufficient portion of the incident laser energy is absorbed by
the solid body, there is a net gain of energy inside the solid while the
boundary loses heat to the external environment. Chaudhry and
Zubair [10] presented a closed-form analytical solution of
temperature and heat flux distributions within a semi-infinite solid
due to a spatially decaying, instantaneous laser source. Zubair and
Chaudhry [11,12] investigated 1-Dheat conduction in a semi-infinite
solid for both a time-dependent laser source and an instantaneous
spatially decaying laser source. Their time-dependent laser source
decayed exponentially from an initial maximum. Yilbas [13]
produced a closed-form solution for 1-D conduction in a semi-
infinite medium subjected to a laser pulse. The pulse definition more
closely approximated the time variance of a real laser. All of the
aforementioned studies were limited to semi-infinite solids;
therefore, transient analytical solutions were possible with the aid
of the classical Laplace transform technique.

The goal of the present analysis is to provide an improvedmodel of
laser heating at a surface by analyzing a spatially and temporally
decaying laser pulse incident on a slab of finite thickness. The model
determines the temperature distribution and the location of the
maximum temperature within the solid. Results are provided in
dimensionless form or normalized such that they are useful over a
wide range of applications. A realistic set of parameters is used to
describe the laser aswell as the targetmaterial. The pulse is defined to
be similar to a high-power laser appropriate for use in materials
processing. The slab thickness and material properties are chosen
such that the effect of laser heating on the temperature profile is
clearly visible. Similar to Blackwell’s study [9], the present analysis
is useful in determining the location of maximum temperature, but
does so for a finite slab. The results presented emphasize the effect of
material properties and surface cooling on the thermal response.

II. Physical Problem Formulation

Heat conduction in a finite slab irradiated by a spatially and
temporally decaying laser source with convective cooling on both
sides is analyzed, as shown in Fig. 1. It is assumed that the slab has
uniform thickness and constant material properties. At t� 0, the
temperature field within the slab is defined as T � F�x�. For t > 0,
surface 1 is irradiated by a laser. A portion of the laser energy is
reflected away while the remaining energy is absorbed and then
conducted by the material. At t > 0, the slab dissipates heat by
convection from its boundary surfaces to an environment at T1.

The energy equation governing heat conduction in a one-
dimensional finite region with internal energy generation can be
formulated as

k
@2T�x; t�
@x2

	 _g000�x; t� � �cp
@T�x; t�
@t

in 0< x < L; t > 0

(1)

where _g000 denotes the energy generation rate per unit volume inside
the absorbing material. Because this is a one-dimensional problem,
variation in laser intensity (Io) is not considered in the plane normal
to the beam. The internal heat generation term can be a function of

both time and space. For laser applications, the internal energy
source term can be written as [6]

_g 000�x; t� � Io��1 � R� _g�t� _g�x� (2a)

where Io is the laser incident intensity. R is the surface reflectivity of
the solid dependent on the wavelength of the incident laser, and � is
the absorption coefficient, given by

R� �n � 1�2 	 �2
�n	 1�2 	 �2 (2b)

�� 4
�

�
(2c)

The spatially and temporally decaying portions of the source term are
given by

_g�x� � e��x (2d)

_g�t� � e��t � e��t (2e)

where � and � are laser pulse parameters. Equations (2d) and (2e)
represent the spatial variation (penetration) within the solid and the
temporal variation of the laser output pulse, respectively. The
exponential function designated by Eq. (2e) accounts for the rise and
fall times of the laser pulse. The laser beamparameters chosen for this
analysis are as follows: wavelength� 1000 nm; Io � 24 GW=cm2,
the maximum pulse peak power density; pulse length � 25 ns,
FWHM; �� 4:9 
 107 1=s; and �� 2:45 
 108 1=s. The parame-
ters were approximately based on the characteristics of a Lambda
Physik Powergator PG1064-30 laser and used a pulse parameter ratio
�=�� 1=5 (Yilbas [13]). The temporal profile of the laser, _g�t�, is
illustrated in Fig. 2.

As stated previously, both boundary surfaces dissipate heat to the
environment at temperature T1; thus, the boundary conditions at
these two surfaces take the form

k
@T

@x
� h1�T � T1� at x� 0; t > 0 (3a)

� k @T
@x
� h2�T � T1� at x� L; t > 0 (3b)

and the assumed initial condition is a uniform temperature

T � F�x� for t� 0; in 0 � x � L (4)
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Fig. 1 Schematic of a finite slab subjected to spatially and temporally

decaying laser heating.
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Fig. 2 Temporal function of the laser pulse.
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III. Heat Conduction with Internal Energy Generation

It is well known that the method of separation of variables is suitable for the solution of a large class of partial differential equations of heat
conduction. However, the use of an integral transform is easier when the equation and the boundary conditions involve nonhomogeneities. The
integral-transform technique provides a systematic, efficient, and straightforward approach for the solution of linear, homogeneous, or
nonhomogeneous, and steady-state or time-dependent boundary-value problems of heat conduction. As the governing equation and boundary
conditions of the physical problem fall within this class of heat conduction, the integral-transform technique is an appropriatemethod to obtain the
temperature distribution. A general solution of Eq. (1) has been developed byÖzisik [14] by using this technique, which can be readily written as

T�x; t� �
X1
m�1

X��m; x�
N��m�

e���
2
mt

�
�F��m� 	

Z
t

0

e��
2
mt
0
A��m; t0� dt0

�
(5a)

where

A��m; t0� �
�

k
�g��m; t0� (5b)

�F��m� �
Z
L

0

X��m; x0�F�x0� dx0 (5c)

�g��m; t0� �
Z
L

0

X��m; x0� _g000�x0; t0� dx0 (5d)

In the above equations, the eigenfunctions X��m; x�, the normalization integral N��m�, and the eigenvalues are readily obtainable for various
combinations of the boundary conditions [14]. The normalization integral is related to the eigenfunction in the following form:

N��m� �
Z
L

0

�X��m; x0��2 dx0 (6)

IV. Solution of the Physical Problem

For the physical problem under consideration, if both boundary surfaces of the slab dissipate heat by convection to an environment at zero
temperature (T1 � 0) and the slab is initially at a uniform temperature of 0�C [F�x� � 0], it is possible towrite the solution fromEq. (5) by setting
[14]

X��m; x� � �m cos��mx� 	H1 sin��mx� (7a)

N��m� �
1

2

�
��2

m 	H2
1�
�
L	 H2

�2
m 	H2

2

�
	H1

�
(7b)

where H1 and H2 are h1=k and h2=k, respectively. The terms �m in the above equations are the eigenvalues (positive roots) of the equation

tan�mL�
�m�H1 	H2�
�2
m �H1H2

(8)

which is specific to the chosen boundary conditions. Based on the aforementioned assumptions and boundary condition [Eq. (3)], the temperature
distribution within the slab is represented in analytical form as

T�x; t� �
X1
m�1

2�

k�� � ��2
m��� � ��2

m�f��2
m 	H2

1��L	H2=��2
m 	H2

2�� 	H1g
�� � �	 �� � ��2

m�e��
2
mt��t � �� � ��2

m�e��
2
mt��t��Io�1

� R���m cos��mx� 	H1 sin��mx��e���
2
mt

Z
L

0

X��m; x�e��x dx (9a)

where

Z
L

0

X��m; x�e��x dx�
��m 	H1�m � �me��L���	H1� cos��mL� � ��m � H1�

�m
� sin��mL��

�2 	 �2
m

(9b)

V. Results and Discussion

An analytical solution [Eq. (9)] for the temperature distribution within a slab subjected to a time-dependent laser pulse is obtained using the
integral-transform technique. To determine the influence of convective cooling on the location of maximum temperature, the convection
coefficient for each side of the slab is varied by alternating the Biot number. As the maximum temperature location is a function of both external
cooling and material properties, results are generated for a range of Biot numbers, which are defined as the ratios of surface convection to slab
conduction. The material properties are assumed to be constant for this study. Thus, Biot numbers and convective heat transfer coefficients are
directly proportional. Four Biot numbers were selected for the laser incident surface (surface 1) while the Biot numbers for the opposite surface
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(surface 2) were represented by three cases, which are defined as
follows: case 1: Bi2 
 0; case 2: Bi2 
 Bi1; and case 3: Bi2 
 3Bi1.
The combinations of Biot numbers are summarized in Table 1.

Although all of the cases have convection at the boundaries, a
nearly adiabatic condition was assigned to surface 2 by using a small
convective heat transfer coefficient (50 W=m2 � K), which equates to
a Biot number of 6:47 
 10�5. By coupling the near adiabatic case
with a large Biot number on surface 1, the effect of laser heating on
the outside of a blunt enclosure in a high-speed flow can be
simulated.

The numerical solution of Eq. (9) was implemented inMaple [15]
while the eigenvalues [Eq. (8)] were determined by exercising a code
developed inMATLAB [16],which used theNewton–Raphson root-
finding method. The temperature distribution designated by Eq. (9)
was obtained as a series solution. The series solution was evaluated
by successively increasing the number of terms until additional terms
did not significantly alter the temperature profile (i.e., the change in
temperature divided by the number of additional terms was less than
1 
 10�4). In all cases, at least 100 terms were needed. Smaller times
scales, such as 	 � 5 
 10�5, require a greater number of terms,
approximately 200.

To gain a better understanding of the relationship between the
location of maximum temperature and convective cooling, the
analytical solution [Eq. (9)] was exercised for a silicon slab of finite
thickness. The thermophysical and optical properties used for the
simulation are as follows: k� 156 W=m � K; �� 2330 kg=m3;
cp � 713 J=kg � K; �� 4952:65 1=m; and R� 0:3186 [17,18].

With the ability to model a finite slab, convective cooling could be
considered at surface 2. However, to clearly observe the influence of
convection and laser heating on the temperature profile, the slab
thickness had to be chosen based on the optical properties of the
material. By selecting two slab thicknesses, one less than and one
much greater than 1=�, two regimes of energy deposition could be
observed. For a thickness of 0.1 mm (less than 1=�), a portion of the
incident energy is transmitted through the slab; for a thickness of
1 mm (much greater than 1=�), all of the incident energy is absorbed
within the slab.

The temperature profile within the slab was determined at
increasing time intervals to capture the transient heating and cooling
of the medium. Figures 3 and 4 depict the temperature profiles for
slab thicknesses of 0.1 and 1mm, respectively, for case 1 conditions.

Notice that the peak temperature is located inside the slab rather than
at the surface because convection lowers the temperature at surface 1.
Convective cooling becomes more pronounced with increasing Biot
number and time. The temperature peaks are more noticeable for
larger Biot numbers because in this study greater Biot numbers are
equivalent to higher convection coefficients. Producing a temper-
ature profile that clearly exhibits a peak temperature requires large
Biot numbers. For example, a convection coefficient of 3:9246 

106 W=m2 � K results in a Biot number of 5.0.

Observe that the temperature distribution is noticeably different
for the 0.1 and 1 mm slabs. The temperature gradient from surface 1
to surface 2 is significantly larger for the 1 mm slab. The larger
temperature gradient occurs because surface 2 remains at its initial
temperature for a 1 mm slab; the incident energy does not reach
surface 2. For a 0.1 mm slab the incident energy penetrates the
thickness of the slab, raising the temperature of surface 2. Recall that
for case 1, the boundary condition at surface 2 resembles a near
adiabatic interface, which is observed in Fig. 3 by a temperature
profile slope that approaches zero. When an appreciable convective
heat transfer coefficient is applied to surface 2, as defined by cases 2
and 3, the temperature profile slope is significantly greater, which can
be seen in Figs. 5 and 6. Cases 2 and 3 temperature profiles for a 1mm
slab are not shownbecause they are identical to those shown in Fig. 4.
The profiles are identical because the incident energy does not impact
the temperature on surface 2, and thus, surface 2 boundary conditions
do not affect the temperature profile.

The maximum temperature location history for four Biot numbers
is provided in Fig. 7. As expected, the peak temperature translation
rate is directly proportional to the Biot number. The time history for
the maximum peak temperature inside a 0.1 mm slab for case 2 with
Bi1 � 5 and Bi2 � 5 is presented in Fig. 8. The peak temperature
riseswhile the energy provided by the laser is greater than that loss by
convection. The temperature plateaus when the amount of energy
being absorbed by the material equals the energy loss due to
convection. This occurs near the end of the laser pulse,
approximately at 	 � 2:5 
 10�4.

Although the previous discussions provide insight regarding the
spatial temperature profile through the slab, the temporal relationship
between peak temperature location and its corresponding temper-
ature has not been presented. To address this topic, the maximum
temperature and its location were tracked with time for case 2
boundary conditions. The data are plotted in Figs. 9 and 10 for slab
thicknesses of 0.1 and 1mm, respectively. To provide a sense of how

Table 1 Combination of Biot numbers used at surfaces 1 and 2

Biot no.

Surface 1 (laser incidence) 0.5 1.0 2.0 5.0
Surface 2 (opposite) �0, 0.5, 1.5 �0, 1.0, 3.0 �0, 2.0, 6.0 �0, 5.0, 15.0
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Fig. 3 Case 1: Dimensionless temperature profile as a function of x� for
various Biot numbers and � (0.1 mm slab).
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Fig. 4 Case 1: Dimensionless temperature profile as a function of x� for
various Biot numbers and � (1 mm slab).
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the location of peak temperature changes with time, dimensionless
intervals are marked on each plot.

The temperature peaks in Figs. 9 and 10 indicate when the amount
of energy being absorbed from the laser has decreased to the point
that it is equal to the amount of heat being removed by convection.
This is the same phenomenon seen in Fig. 8. The time it takes to reach
the peak (roughly 125 ns) is approximately the same for both curves,
as it is primarily dependent on the laser pulse profile. As a side note,

125 ns is equal to 5 times the full width at half maximum of the laser
pulse and is very near the end of the laser pulse, as can be seen in
Fig. 2. For the same reason that the maximum temperature was more
distinct in Figs. 3, 5, and 6 for greater Biot numbers, the maximum
temperatures in Figs. 9 and 10 are slightly lower for greater Biot
numbers.

Shortly after the peaks in Figs. 9 and 10, the maximum
temperature location is solely driven by convection on surface 1; the
laser is no longer impinging the surface.As the slab cools, the profiles
for the two slab thicknesses begin to differ. For a 0.1 mm slab, the
temperature at surface 2 is much greater than the surrounding
temperature; thus, convective cooling plays an important role.
Because the convective heat transfer coefficient is the same on both
sides of the slab (Bi1 � Bi2), the maximum temperature location
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Fig. 5 Case 2: Dimensionless temperature profile as a function of x� for
various Biot numbers and � (0.1 mm slab).
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Fig. 6 Case 3: Dimensionless temperature profile as a function of x� for
various Biot numbers and � (0.1 mm slab).
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the laser pulse.
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Fig. 9 Dimensionless temperature as a function of the depth at which
maximum temperature occurs for increasing time intervals (0.1 mm

thickness).
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Fig. 10 Dimensionless temperature as a function of the depth at which
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thickness).
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moves asymptotically to themiddle of the slab (x� � 0:25). Then, the
slab is symmetrically cooled to equilibrium with the surrounding
environment. For a 1mmslab, the incident energy is absorbed in only
a portion of the material depth due to its relative thickness as
compared to the absorption coefficient. Therefore, the temperature at
surface 2 remains at its initial temperature, which is the same as the
surrounding temperature. As a result, the cooling on surface 1 forces
the peak temperature location all the way to surface 2. This
phenomenon can be envisioned even though it is not shown on the
graph. Three-dimensional representations of Figs. 9 and 10 are
provided in Figs. 11 and 12, respectively, and offer a different
perspective.

To further investigate the effect of slab thickness on peak
temperature within the slab, a dimensionless maximum temperature
time history is provided in Fig. 13 for case 1 boundary conditions and
Bi1 � 5. The profiles are initially the same because the curve is
defined by the laser pulse and material optical properties. Only after
the laser pulse has ended do the profiles begin to differ. While the
laser is off and the slab is being cooled by convection only, the

characteristic length is defined by half of the slab’s thickness. Thus,
the effective cooling rates for the two slabs differ.

The difference between surface 1 temperature and maximum
temperature as a function of 	 for different Biot numbers is presented
in Fig. 14 for case 2 boundary conditions. For large Biot numbers,
convection dominates the heat transfer process. A surface with a
larger Biot number yields a greater difference between the surface
temperature and the maximum peak temperature. This phenomenon
is clearly demonstrated in Fig. 14 as the value of the Biot number
decreases from 5 to 0.5. A slightly different perspective is provided
by normalizing the temperature gradient by the temperature at
surface 1 as shown in Fig. 15. The plateau in the profile signifies that
after the laser pulse has ended the temperature gradient decreases
directly with the temperature at surface 1.

VI. Summary

An analytical expression for the temperature distribution within a
slab subjected to spatially and temporally decaying laser heating at
one of its external surfaces has been developed and solved for various
boundary cooling conditions. The method and transient results can
be used to determine the temperature profile within amaterial sample
for a variety of engineering applications. The model improves upon
past models by combining a realistic laser pulse profile with a
material sample of finite thickness. Earlier models in this area dealt
mainly with semi-infinite media and constant or decaying laser
pulses. The results from those studies would have limited practical
applications.

In all cases considered in this work, the shape of the temperature
profile is such that the peak occurs inward from the surface at all
times, a result consistent with earlier investigations. Convection at
the two surfaces andmaterial properties both affect the location of the
peak over time. As the Biot number associated with either surface is
made larger, the prominence of the peak increases with respect to the
temperature at the surface of incidence. Furthermore, the movement

Fig. 11 3-D plot: Dimensionless temperature as a function of the depth

at which maximum temperature occurs for increasing time intervals

(0.1 mm thickness).

Fig. 12 3-D plot: Dimensionless temperature as a function of the depth
at which maximum temperature occurs for increasing time intervals

(1.0 mm thickness).
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of the location of peak temperature away from the surface of
incidence occurs more rapidly for larger Biot numbers.

The work reported in this study was for convective cooling only.
However, most realistic problems encountered in high temperature
engineering applications involve radiative cooling and temperature-
dependent material properties. The model is being expanded to
include these factors and the resultswill be available in future studies.
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